The static quadrupole polarizabilities for hydrogen-like ions from Z = 1 to Z = 100 in the 1S 1/2 ground state are calculated to high precision by solving the Dirac equation using the B-spline Galerkin method. Results are seen to be consistent with the expression of Kaneko [J. Phys. B 10, 3347 (1977)] at low Z. The quadrupole oscillator strength sum rule, n f (2) gn is computed to be zero to a very high degree of precision. PACS numbers: 31.15.ac, 31.15.ap, 34.20.Cf The electric quadrupole polarizability describes the first higher-order response of an atom or ion to an applied electric field. Despite it being a fundamental property of the hydrogen atom ground state, there has never been a high precision calculation of its value within the formalism of the Dirac equation. At present, the best description of the quadrupole polarizability, α 2 for hydrogen-like ions only includes the leading order relativistic correction [1], e.g.
gn is computed to be zero to a very high degree of precision. The electric quadrupole polarizability describes the first higher-order response of an atom or ion to an applied electric field. Despite it being a fundamental property of the hydrogen atom ground state, there has never been a high precision calculation of its value within the formalism of the Dirac equation. At present, the best description of the quadrupole polarizability, α 2 for hydrogen-like ions only includes the leading order relativistic correction [1] , e.g.
where α is the fine structure constant and Z is the nuclear charge. This expression has never been independently validated. Further, the accuracy of this expression can be expected to degrade with increasing Z.
In the present work, the quadrupole polarizability of the 1S 1/2 ground state is computed using the B-spline Galerkin technique. The B-spline Galerkin method is a widely used method for solving the Dirac equation [2] [3] [4] and determining the properties of hydrogen-like ions. This method is capable of very high precision. The recent fine structure constant α = 1/137.035999074 [5] is adopted in this work. Atomic units are used throughout.
The Dirac Hamiltonian for hydrogen-like ions is
where m is the electron mass, c is the light velocity, p is the momentum operator, α and β are 4 × 4 matrices of the Dirac operators [1] , and V (r) = −Z/r is the interaction potential between electron and nucleus. In our calculation, the wavefunction is written as
where P nκ (r) and Q nκ (r) present the large and small components of radial wavefunction, and Ω κm (r) and Ω −κm (r) are their angular components. The angular quantum number κ = ( + 1) − j(j + 1) − 1/4, where j is the total angular momentum and is the angular momentum.
Substituting Eq. (3) into Eq. (2), separating the radial and angular components and replacing the energy E by ε = E − mc 2 , then the coupled first-order differential equations for radial components P nκ (r) and Q nκ (r) can be written as matrix style,
The radial wavefunctions, P nκ (r) and Q nκ (r), are expanded in terms of 9th-order B-splines, e.g.
where N is the number of basis sets, and k is the order of B-spline, the subscripts n, κ have been omitted from the functions P nκ (r) and Q nκ (r) for notational simplicity. The functions B k i (r) only have nonzero value for knot interval t i ≤ r < t i+k . The boundary conditions are P (R) = Q(R) and P (0) = 0, where R is the radius of confining cavity. The exponential knot distribution for B-spline is
where i = 1, 2, · · · , N − k + 2, and γ is the exponential knot parameter,
The function G(Z) for Z ≥ 2 has the following recurrence relation,
where 0.055 is an optimized parameter for hydrogen atom. The radius of confining cavity R, which is different for hydrogen-like ions, is determined to produce the ground-state energy of hydrogen-like ions at least 20 same figures as the exact Dirac energy [6] ,
(9) where n is the main quantum number.
The static 2 -pole polarizability for single-electron atoms can be written as a sum over all intermediate states including the continuum,
The 2 -pole oscillator strength f ( ) gn from ground state g to excited state n is defined
where j g is the total angular momentum for the groundstate. The wavefunction and energy of the ground state are ψ g (r) and E g , while ψ n (r) and E n are for the excited state. C ( ) (r) is the -order spherical tensor. Table I gives the quadrupole polarizability of the hydrogen atom ground state. It was computed in a cavity of radius R = 400 a.u. A cavity of this dimension can result in the ground state energy being accurate to 25 significant digits while the 3d J excited state are accurate to 21 digits.
The largest basis set reported in Table I resulted in a quadrupole polarizability that was converged to 20 digits. When the B-spline basis is diagonalized one gets both positive energy states and states from the negative energy sea with energies lower than that of the hydrogen ground state [3] . The negative energy states are often discarded in some applications [2, 3, 7] , but the latest calculations of the dipole polarizability retain them [8] [9] [10] . The α 2 given in Tables I and II The difference between the quadrupole polarizability computed using positive and negative energy states, α ± 2 and that computed just using positive energy states, α + 2 is illustrated in Figure 1 . We define ∆α 2 = (α Figure 1 plots 10 9 Z 2 ∆α 2 as a function of Z. This is seen to go to a constant value as Z → 0. Given that α 2 scales as 1/Z 6 as Z increases, the Z dependence of the difference is best discussed by reference to the quantity Z 6 α 2 . It is deduced that
It is therefore inferred that α Table II shows that the present polarizabilities are consistent with the expression of Kaneko [1] . All the digits listed in this Table are converged with respect to an enlargement in the B-spline basis. The B-spline calculation agrees with the Eq. (1) to nine significant digits for hydrogen. Agreement to 1% accuracy is maintained by to Z < 50. Beyond Z > 50, (αZ) 4 and higher-order terms start to become more important, making a 10% contribution at Z = 80. Since the B-spline α 2 is larger than that given by Eq. (1), we conclude that the (αZ) 4 correction to the quadrupole polarizability is positive. At the largest value of Z considered, namely Z = 100 (i.e. Fm 99+ ), there is a 40% discrepancy between Eq. (1) and the B-spline calculation. Figure 2 compares the B-spline polarizability with Eq. (1) as a function of Z. Two curves start to separate from Z = 50.
The numerical reliability of the present B-spline calcu- polarizability α2 (a.u.) as the number of knots in the B-spline basis is increased. α + 2 is computed just using positive energy states, and α ± 2 presents the quadrupole polarizability computed using positive and negative energy states. The radius of confining cavity is R = 400 a.u. [8] [9] [10] . Our dipole polarizability for ground state H atom is α 1 = 4.4997514951429159672, which agrees with the value 4.49975149514292 of Goldman [8] at the level of 9 × 10 −16 using the same fine structure constant α = 1/137.0359895 of Goldman. Next, there are a number of oscillator strength sum rules of the type
which yields compact analytic expressions for dipole ( = 1) transitions [11] . For example, S 1 (0) = 0. These sum rules are evaluated with both positive and negative energy states included in the intermediate energy sum. The numerical results for S 1 (−1) = 1.9999378730652443 a.u., S 1 (1) = 3.7557730084418658 × 10 4 a.u. and S 1 (2) = −1.4105956091708 × 10 9 a.u. have been converged to more than 14 significant figures. Finally, our calculations reveal that S 1 (0) = −1.07738 × 10 −29 a.u. and S 2 (0) = −1.06202 × 10 −28 a.u., both of them can be deemed to zero under the present machine precision. It is conjectured that S (0) = 0 is identically zero for all multipoles. The validation of this new sum-rule would yield a result that could very usefully be used to test the completeness of basis sets used in relativistic calculations.
To summarize, high precision numerical values for the relativistic quadrupole polarizability of hydrogen-like ions in the ground state have been calculated using the B-spline Galerkin method. These values can serve as benchmark polarizabilities for the quadrupole response of a relativistic hydrogen atom to an electric field. The B-spline polarizabilities have validated the expreesion, Eq. (1) of Kaneko [1] . We have also determined that omission of the negative energy states from intermediate sum rule changes the Z 6 scaled polarizability by terms order (αZ)
4 .
